Abstract: In this paper we study the Sudakov form factor in N = 4 super Yang-Mills theory to the three-loop order. The latter is expressed in terms of planar and non-planar loop integrals. We show that it is possible to choose a representation in which each loop integral has uniform transcendentality. We verify analytically the expected exponentiation of the infrared divergences with the correct values of the three-loop cusp and collinear anomalous dimensions in dimensional regularisation. We find that the form factor in N = 4 super Yang-Mills can be related to the leading transcendentality part of the quark and gluon form factors in QCD. We also study the ultraviolet properties of the form factor in D > 4 dimensions, and find unexpected cancellations, resulting in an improved ultraviolet behaviour.
Introduction
In this paper we study the Sudakov form factor in N = 4 super Yang-Mills (SYM) with gauge group SU (N ). Following van Neerven [1] , we study the vacuum expectation value of an operator built from two scalars, inserted into two on-shell states. The operator belongs to the stress-energy supermultiplet, which contains the conserved currents of N = 4 SYM, and has zero anomalous dimension. Together with the vanishing β function of N = 4 SYM this means that the form factor is ultraviolet (UV) finite in four dimensions. Therefore only infrared (IR) divergences associated to the on-shell states appear, which we regularise using dimensional regularisation.
Generalisations of the Sudakov form factor to the case of different composite operators, and more external on-shell legs, have been discussed recently in refs. [2] [3] [4] [5] . Form factors have also been studied within the AdS/CFT correspondence in the dual AdS description, see refs. [6, 7] . Here we will focus on the perturbative expansion of the form factor of ref. [1] .
Form factors are closely related to scattering amplitudes. For example, planar amplitudes can be factorised into an infrared divergent part, given by a product of form factors, and an infrared finite remainder (a 'hard' function in QCD terminology), see e.g. ref. [8] and references therein. The infrared divergent part exponentiates and has a simple universal form. In fact, for four-and five-point scattering amplitudes the exponentiation property of the divergent part carries over to the finite part as well [8, 9] . This is a consequence of a hidden dual conformal symmetry of planar scattering amplitudes. The latter relates the finite part to the infrared divergent part through a Ward identity [10, 11] . The relation to form factors makes it possible to give an operator definition of the finite remainder. The scheme independence of the latter was recently checked in a two-loop computation using dimensional and massive regularisations [12] .
Scattering amplitudes in N = 4 SYM have many special properties, and it is interesting to ask how much of this simplicity carries over to the form factors. For both the planar fourparticle amplitude and the form factor, the general form of the result is known in principle. For the former, this is due to dual conformal symmetry, and for the latter it is due to the exponentiation of infrared divergences. However it is quite non-trivial to obtain these a priori known results from explicit perturbative calculations, evaluating loop integrals. The simplicity of the final results suggests that there should be more structure hidden in the loop integral expressions, and by studying them further one might gain insights into better ways of evaluating them, which is of more general interest.
One might expect that the evaluation of form factors should be simpler than that of scattering amplitudes, as the former have a trivial scale dependence only, whereas the latter are functions of ratios of Mandelstam variables, e.g. s/t in the four-point case. Given this, it is somewhat surprising that less is known about the loop expansion of form factors in N = 4 SYM than about scattering amplitudes. For example, while the planar four-point amplitude was evaluated to the four-loop order (in part numerically) [13] [14] [15] , the form factor has only been computed to the two-loop order in ref. [1] , in a calculation that dates back to 1986. In the present paper, we extend the calculation of ref. [1] to three loops, and study which of the properties that have been observed for scattering amplitudes are present.
One fact which makes form factors technically challenging compared to planar amplitudes, however also more interesting, is the following. At leading order in the 't Hooft limit N → ∞, where the coupling λ = g 2 N is kept fixed, both planar as well as non-planar integrals appear in the form factor. This is easily understood by the fact that the operator insertion is a colour-singlet. It is interesting to note that the non-planar diagrams appearing in the form factor are related, through the unitarity technique, to a priori subleading double trace terms in the four-particle scattering amplitude. Therefore, the form factor at leading order in N contains information about non-planar corrections to the four-particle amplitude. The first non-planar diagram, the crossed ladder, appears at the two-loop level. At three loops, we find five different non-planar diagrams that contribute, i.e. that have non-vanishing coefficient.
It is an observed, albeit unproven fact that results for scattering amplitudes in N = 4 super Yang-Mills have uniform transcendentality (UT), i.e. can be expressed as linear combinations of polylogarithmic functions of uniform degree 2L, where L is the loop order, with constant coefficients. In ǫ-expansions of dimensionally regularised quantities which depend only on a single scale, the coefficients of the Laurent expansion in ǫ are real constants which are in general of increasing transcendentality in the Riemann ζ-function. In this context uniform transcendentality refers to homogeneity in the degree of transcendentality (DT ), where the latter is defined as DT (r) = 0 for rational r DT (π k ) = DT (ζ k ) = k DT (x · y) = DT (x) + DT (y) .
In the planar case, the property of UT is even true for individual loop integrals, at least when they are expressed in an appropriate basis of dual conformal integrals [16, 17] . Incidentally, this also has practical advantages, as these integrals are easier to evaluate [17, 18] than those in other representations. Dual conformal symmetry is only expected in the planar case, but what can be said about the transcendentality properties of non-planar integrals? At four points, the non-planar double ladder integral is not of uniform transcendentality. However, if defined with an appropriate loop-dependent numerator factor, it does have this property [19, 20] . Changing to a basis involving the latter integral allows one to understand the UT property of four-point non-planar N = 4 SYM amplitudes [21] and N = 8 supergravity amplitudes [22, 23] . It also raises the interesting question whether this is a generic feature. All planar and non-planar master integrals for form factors in dimensional regularisation at three loops are known from the computation of the form factor in QCD [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , and some of them have UT, while others do not. It has been observed that some of the integrals do have UT if they are defined with certain (loop-dependent) numerator factors [19] . The latter resemble the numerator factors required by dual conformal symmetry in the planar case [34] . In this paper, we find similar numerator factors for all topologies with 7, 8, 9 propagators, such that the integrals have UT. Moreover, we find that the complete three-loop form factor can be written solely in terms of UT integrals.
Finding a representation that has this property required using certain identities for non-planar form factor integrals that are based on reparametrisation invariances, which we found as a by-product of our analysis. They generalise an identity found by Davydychev and Usyukina [35] .
As was already mentioned, in N = 4 SYM, scattering amplitudes and the form factors studied here are UV finite in four dimensions. It is interesting to ask in what dimension, called critical dimension D c , they first develop UV divergences. This question is of theoretical interest in the context of the discussion of possible finiteness of N = 8 supergravity, see e.g. [36] [37] [38] and references therein. More practically, bounds on the critical UV dimension at a given loop order can also be a useful cross-check of computations, or constrain the types of loop integrals that can appear. Ultraviolet power counting, based on the existence of N = 3 off-shell superspace [39] , provides a lower bound for the critical dimension. We analyse the UV properties of the form factor to three loops and find that at each loop order, the critical dimension is D c = 6. This is consistent with the bound obtained from superspace power counting. We find that the latter bound is saturated at two loops, while it is too conservative at three loops, where the ultraviolet behaviour is better than suggested by the bound. This is the result of a cancellation between different loop integrals. We find a representation where the UV behaviour is manifest. This paper is organised as follows. We review the known expression for the form factor to two loops in section 2. We then discuss identities for non-planar integrals to three loops in section 3. In section 4, using the unitarity-based method, we derive an expression for the three-loop form factor in terms of loop integrals. We then evaluate the latter in section 5 and verify the exponentiation of infrared divergences in section 6. We then analyse the ultraviolet properties of the form factor to three loops in section 7. We conclude in section 8. There are several appendices. Appendix A contains the analytic expressions of the ǫ expansion of the integrals used in the paper, while appendix B contains the expression of the form factor in terms of conventionally used master integrals. Finally, appendix C reviews the on-shell four-point amplitude to two loops that is used in the unitarity calculation in the main text.
Form factor to two loops
In order to define the scalar form factor in N = 4 SYM, we start by introducing the bilinear operator
where the scalars φ AB are in the representation 6 of SU (4), and φ AB = φ a AB T a , with T a being the generators of SU (N ) in the fundamental representation, normalised according to Tr(T a T b ) = δ ab . This operator is a particular component of the stress-energy supermultiplet of N = 4 SYM, and has zero anomalous dimension. We then define the form factor as the vacuum expectation value of O inserted into two on-shell states in the adjoint representation, 2) with the convention that momentum is outgoing.
Since O is a colour singlet, the form factor must be proportional to Tr(T a T b ),
We work in dimensional regularisation with D = 4 − 2ǫ dimensions in order to regulate IR divergences associated with the on-shell legs. We write the form factor as an expansion in the 't Hooft coupling [8] 
according to
We normalized the tree-level contribution to unity and introduced 6) with the infinitesimal quantity η > 0. We remark that the dependence on the number of colours N in equation (2.5) is exact. In order to see this, let us show that the three-loop contribution to the form factor must be proportional to N 3 (a similar analysis trivially holds at one and two loops).
The reasoning is as follows. Imagine a generic Feynman diagram contributing to F S . Without loss of generality, suppose that it is built from three-point vertices, whose colour dependence is given by the structure constants f a 1 a 2 a 3 . For each internal line, there is a sum over adjoint colour indices, with the result being proportional to Tr(T a T b ), as stated in equation (2.3). Our goal is to determine the proportionality factor. In order to do this, it is convenient to sum also over the free indices a and b,
We can then represent each Feynman diagram as a circle with inscribed lines. There are three inequivalent structures that can appear,
which correspond to the case of zero, one, or two intersections of the inscribed lines, respectively. Sums over repeated indices are implicit. In order to carry out the sums, it is convenient to write the structure constants as
one easily finds
Taking into account equation (2.7), we see that F S at three loops is proportional to N 3 , as claimed. Note that beginning from four loops there can be more than one colour structure, and in particular the quartic Casimir can appear. An explicit example of this is the four-loop contribution to the QCD β function [40] . An interesting related question has to do with the colour dependence of infrared divergences in gauge theories, see e.g. [41] , and references therein.
The form factor to two loops was computed a long time ago [1] . It contains as building blocks the diagrams displayed in Fig. 1 and reads
14)
The expressions for D 1 , D exp 1 , E i , and E exp i are given explicitly in appendix A and result in 
The numerical values of the transcendental constants up to weight eight are: 
Momentum routing invariances of integrals
Before we proceed to calculate the N = 4 SYM form factor to three loops via unitarity cuts, we want to investigate some of the occurring topologies more closely. In particular, we will derive identities that relate integrals without uniform transcendentality (UT) to integrals that do have this property. Since the diagrams that we will obtain from the unitarity method do not individually have UT, the following relations will be very useful later on for switching to an integral basis for the form factor in which each building block has UT. We start with topology F * 3 , see Fig. 2 . We label its incoming momentum with q = p 1 + p 2 , and the outgoing ones with p 1 and p 2 , respectively. The latter are massless and on-shell, i.e. p 2 1 = p 2 2 = 0. The topology can be parametrised according to
where k i are the loop momenta. It can be seen from Fig. 2 how the momenta are distributed among the lines of the diagram F * 3 . It turns out that the following reparametrization of loop momenta,
does not only leave the value of the integral invariant, but even its integrand. We can now apply this transformation to the integral F 3 which carries the factor (k 2 − k 3 ) 2 as an irreducible scalar product in its numerator. This yields
We can now solve this equation for (k 2 − k 3 ) 2 and get the following relation between integrals, which is diagrammatically shown in Fig. 2 . We have now decomposed the integral F * 3 , which does not have UT in its Laurent expansion, into two integrals (F 3 and F 8 ) which indeed do have this property, and the auxiliary integral F a1 , which again does not have homogeneous transcendental weight, but which will be cancelled later on.
We can apply analogous steps to topology F * 4 , see Fig. 3 . The topology can be parametrised according to 4) and the distribution of the momenta among the lines can be seen from Fig. 3 . The integrand remains invariant under
We now apply this transformation to the numerator (k 1 − p 1 ) 2 of the integral F 4 . This yields We can now solve this equation for (k 1 − p 1 ) 2 and get
which is diagrammatically shown in Fig. 3 . Again we decomposed the non-homogeneous integral F * 4 into the homogeneous integral F 4 and yet another non-homogeneous auxiliary integral (F a2 ) which will be cancelled later on.
We can also decompose the topology F * 5 , see Fig. 4 . In this case we cannot find a relation between integrals which is based on a momentum routing invariance, but a relation which is simply based on momentum conservation. The topology can be parametrised according to
and we refer to Fig. 4 for their distributions among the lines. From momentum conservation we get
which results in
Hence we decomposed F * 5 into the homogeneous-weight diagrams F 5 , F 6 , and F 9 , as well as the same non-homogeneous diagrams F a1 , and F a2 which already appeared above.
We see from Eqs. (3.3), (3.6), and (3.9) that only two auxiliary diagrams of nonhomogeneous weight, namely F a1 , and F a2 appear in all these relations. It turns out that the coefficients obtained from unitarity are precisely such that these integrals cancel in the expression for the form factor.
We checked all relations between integrals also at the level of their integration-byparts (IBP) reduction [43] to master integrals using the implementation of the Laporta algorithm [44] in the REDUZE [45] code. We find that all relations obtained from momentum routing invariance in this section can actually be reproduced from solving IBP relations, which is a priori not guaranteed for a general Feynman integral topology. The ǫ-expansions of all integrals can be found in appendix A. 
Form factor to three loops from unitarity cuts
Here we use unitarity cuts to derive an expression for the three-loop form factor in terms of the integrals discussed in the previous section. We will compute the form factor in a perturbative expansion in the Yang-Mills coupling g, and denote the contribution at order
, respectively, and similarly for F S . Note that this notation, convenient for the unitarity calculations, differs from the one used in Eq. (2.5).
The essential features of the unitarity-based method [46, 47] that we are going to use are reviewed in the recent paper [48] . We will employ two-particle cuts, as well as generalised cuts. The two-particle cuts are very easy to evaluate, and we show an explicit example below.
In order to evaluate more complicated cuts, with many intermediate state sums to be carried out, it is extremely useful to employ a formalism that makes supersymmetry manifest. This can be done by arranging the on-shell states of N = 4 SYM into an on-shell supermultiplet [49] . The main advantage is that intermediate state sums appearing in the cuts become simple Grassmann integrals that can be carried out trivially [50] [51] [52] . In this way, it is easy to obain compact analytical expressions for the cuts.
We follow the notations for unitarity cuts of ref. [53] . We start by reviewing the oneand two-loop cases as examples. 0 0
0 2
2 0
Figure 5: Two-particle cuts of form factors up to three loops.
One-loop form factor from unitarity cuts
As a simple warmup exercise, we rederive the one-loop result from unitarity cuts, see also ref. [2] . Let us compute the two-particle cut (1a) shown in Fig. 5 . It is given by
, (4.1)
where ℓ 1 and ℓ 2 are the momenta of the cut legs, and the sum runs over all possible particles across the cut. We may use the on-shell condition ℓ 2 1 = ℓ 2 2 = 0 in the integrand (but not on the cut propagators), since any terms proportional to such numerator factors would vanish in the cut. The four-particle tree ampliutde A tree 4 (ℓ 2 , ℓ 1 , p 1 , p 2 ) is given in appendix C. We use the convention that all momenta are defined as outgoing.
When computing the cut of a form factor (as opposed to a colour-ordered amplitude), one has to be careful about the overall normalisation, since the possible exchange of external legs p 1 and p 2 leads to a factor of 2 in the cuts. When comparing cuts of the form factor to cuts of integrals, this factor cancels out. In the following we count such contributions only once.
The two-particle cuts are particularly simple to evaluate. With our choice of external states, only scalars can appear as intermediate particles, and we therefore do not need to use the spinor helicity formalism. The tree-level form factor is simply given by
The necessary four-particle amplitudes are given in appendix C. The colour algebra across the cut is carried out using the SU (N ) Fierz identities, see eqs. (2.10) and (2.11). It is
Figure 6: Diagrams that do not contribute to the form factor at two (E 3 ) and three loops (F 7 and F 10 ), respectively. They have worse UV properties compared to the integrals that do appear in the form factor. The labels p a and p b on F 7 indicate an irreducible scalar product (p a + p b ) 2 in its numerator. The other two diagrams have unit numerator.
easy to see that (4.1) becomes
where s ij := (p i + p j ) 2 , and where we have identified the cut of the one-loop form factor with the cut of the one-loop triangle integral D 1 , see Fig. 1 ,
We can now argue that this result is exact, i.e. that we can remove the "cut (1a)" in Eq. (4.3). In order to do that, we have to make sure that no terms with vanishing cuts are missed. Such terms having no cuts in four dimensions can be detected in D dimensions. The two-particle cut calculation we just presented would have gone through unchanged in D dimensions, since all required amplitudes were those of scalars, and no spinor helicity identities intrinsic to four dimensions were used. A similar argument was given in ref. [53] . Therefore we conclude that in D dimensions,
Two-loop form factor from unitarity cuts
We recall that at two loops, the result for the form factor is given by [1] ,
where the planar and non-planar ladder diagrams E 1 and E 2 are shown in Fig. 1 . Let us now understand this result from unitarity cuts. The unitarity cut (2b) of , given explicitly in Eq. (C.2), which in addition to single trace terms also contains double trace terms. The latter would ordinarily be subleading in the expansion of powers of N , e.g. when computing a four-point amplitude at leading colour using unitarity cuts. Here, however the colour algebra gives rise to another factor of N for those terms, so that they can contribute to the form factor at the same order as the single trace terms. This explains why the non-planar integral E 2 can appear in the form factor.
In principle, new terms could appear in the three-particle cut, but this is not the case. For example, the diagram E 3 shown in Fig. 6 has no two-particle cuts. The absence of this diagram can be understood by the fact that it has worse UV properties compared to E 1 and E 2 , as we discuss in section 7. For the same reason, diagrams F 7 and F 10 from Fig. 6 , the latter of which at has no three-particle cuts, will not contribute to the form factor at three loops, as we will see below.
We have also evaluated the three-particle and a generalised cut, with the result being in perfect agreement with Eq. (4.6). We found it useful to employ a manifestly supersymmetric version of the unitarity method [50] . The necessary tree-level amplitudes for the local operator of Eq. (2.1) inserted into three on-shell states were computed in refs. [2, 3] . The analytical calculation is straightforward to perform. We refrain from presenting the details since it would require introducing spinor helicity and superspace. We refer the interested reader to refs. [48, 50] for related instructive examples.
Three-loop form factor from unitarity cuts
We again begin by studying two-particle cuts, which are shown in the second line of Fig. 5 . Again, all results for the form factors and four-point amplitudes appearing in the unitarity cuts are explicitly known, with the result for the four-point amplitudes summarized in appendix C.
When evaluating the cuts, one has a certain freedom in rewriting the answer to a given cut due to the on-shell conditions. Of course, eventually such ambiguities are fixed by the requirement that the answer must satisfy all cuts. In order to find such an expression that manifestly satisfies all cuts it is very useful to have an idea about the kind of integrals that should appear in the answer. We expect that the form factor can be expressed in terms of the integrals that have UT that were discussed in section 3. This turns out to be a very useful guiding principle.
The calculation is completely analogous to that at one and two loops. Let us start with the simplest cut (3c) from Fig. 5 . It is given by
, (4.7)
The evaluation of the cut is exactly as that considered at one loop, with the difference that we now insert the two-loop expression for the form factor into the cut, as opposed to the tree-level one. One immediately finds
where F 1 is the three-loop ladder integral shown in Fig. 7 , and F * 3 is related to F 3 in the same figure via the identity (3.3) . In fact, we know from section 3 that F * 3 does not have uniform transcendentality. Since we do expect the final result to have this property, use Eq. (3.3) to eliminate F * 3 . When doing so, we note that the contribution of F a1 in that equation drops out on the cut (3c), and we have
i.e. we have succeeded in writing the two-particle cut (3c) in terms of integrals having UT only. Similarly, one can show that the two-particle cut (3b) of Fig. 5 can be written as
This confirms the coefficient of F 1 , and introduces a new integral F 4 , invisible to cut (3c). Finally, the most interesting two-particle cut is (3a), as it uses the double trace terms present in A
2−loop 4
, see appendix C. Using the identities derived in section 3, we find
. (4.11)
Comparing equations (4.9),(4.10), and (4.11) with each other, we see that they are manifestly consistent with each other, which suggests that we are indeed working with an appropriate integral basis to describe this problem. We find that the following expression is in agreement with all two-particle cuts,
(4.12) It is quite remarkable that to three loops the coefficients of all integrals are small integer numbers.
We could proceed by evaluating three-and four-particle cuts, but we find it technically simpler to study generalised cuts. To begin with, we perform a cross-check on the twoparticle cut calculation above by evaluating maximal cuts where nine propagators are cut. We find perfect agreement between the two calculations. Next, we release one cut constraint to detect integrals having only eight propagators. There are several ways in which this can be done. For example, cutting all eight propagators present in integral F 9 detects this integral, as well as integrals F 5 and F 6 . Another eight-propagator cut detects integrals F 2 , F 5 , F 6 and F 7 . The latter integral (see Fig. 6 ) turns out to have coefficient zero, i.e. it does not appear.
We again find perfect agreement with the contributions already known from the twoparticle cuts, and find further contributions not having any two-particle cuts, like F 9 . The following expression satisfies all cuts that we have evaluated,
(4.13)
We will now argue that Eq. (4.13) is the complete result for the three-loop form factor. In fact, potential corrections to equation (4.13) can come only from seven-propagator integrals that have vanishing two-particle cuts. An example of such an integral is F 10 shown in Fig. 6 . As we will see in section 7, the appearance of such integrals is highly unlikely due to their bad UV behaviour, violating a bound based on supersymmetry power counting. Moreover, in section 6, we will perform an even more stringent check on Eq. (4.13) by verifying the correct exponentiation of infrared divergences. In particular, this means that any potentially missing terms in equation (4.13) would have to be IR and UV finite, and vanish in all unitarity cuts that we considered.
Final result for the form factor at three loops
In the previous section we obtained the extension of Eq. (2.13) to three loops, We can make a very interesting observation here. For anomalous dimensions of twist two operators, there is a heuristic leading transcendentality principle [54] [55] [56] , which relates the N = 4 SYM result to the leading transcendental part of the QCD result. We can investigate whether a similar property holds for the form factor.
For the comparison, we specify the QCD quark and gluon form factor to a supersymmetric Yang-Mills theory containing a bosonic and fermionic degree of freedom in the same colour representation, which is achieved by setting C A = C F = 2 T F and n f = 1 in the QCD result [27] . It turns out that with this adjustment the leading transcendentality pieces of the quark and gluon form factor become equal at one, two, and three loops in all coefficients up to transcendental weight eight, i.e. O(ǫ 6 ), O(ǫ 4 ), and O(ǫ 2 ) at one, two, and three loops, respectively. Moreover, the leading transcendentality pieces of the quark and gluon form factor coincide -up to a factor of 2 L (L is the number of loops) which is due to normalisation -with the coefficients of the scalar form factor in N = 4 SYM computed in the present work. This again holds true at one, two, and three loops and for all coefficients up to weight eight, and serves as an important check of our result.
The question arises if the leading transcendentality principle [54] [55] [56] between QCD and N = 4 SYM carries over to more general quantites like scattering amplitudes, or if it is a special feature of form factors since they have only two external partons.
In fact, there are counterexamples in the case of scattering amplitudes [19] . For instance, the N = 1 supersymmetric one-loop four-point amplitudes [57] have a leading transcendentality piece which is not of the N = 4 SYM form, because it has 1/u power-law factors. This makes the property we have found for the form factor even more surprising.
Logarithm of the form factor
The logarithm of the form factor is given by ln (F S ) = ln 1 + a x ǫ F
(1) 
The poles of the logarithm of the form factor have the generic structure [58] ln (
anomalous dimensions [59] given by
We observe that the vanishing of the O(ǫ 0 )-term in the logarithm of the two-loop form factor [1] appears to be a coincidence, which does not reproduce at three loops. The finite part of the N = 4 form factor does therefore not exponentiate, as could have been conjectured from the two-loop result.
Ultraviolet divergences in higher dimensions
Scattering amplitudes and form factors in N = 4 super Yang-Mills are ultraviolet (UV) finite in four dimensions. It is interesting to ask in what dimension, called critical dimension D c , they first develop UV divergences. This question is of theoretical interest in the context of the discussion of possible finiteness of N = 8 supergravity, see e.g. [38] and references therein. More practically, bounds on the critical UV dimension at a given loop order can also be a useful cross-check of computations, or constrain the types of loop integrals that can appear.
There is a bound on the critical dimension based on power counting for supergraphs and the background field method. The one-loop case is special due to some technical issue with ghosts, but there is a bound for L > 1 loops [60, 61] ,
such that for D < D c the theory is UV finite. The bound (7.1) depends on the number N of supersymmetries that can be realized off-shell. The maximal amount of supersymmetry can be realised using an N = 3 harmonic superspace action for N = 4 super Yang-Mills [39] . Taking thus N = 3 in (7.1) we have
2) Equation (7.1) is a lower bound for D c , and in some cases it can be too conservative. For example, in the case of scattering amplitudes, studying and excluding potential counterterms bounds on the critical dimension can sometimes be improved, see the reviews [62, 63] . Investigations of UV properties of four-particle scattering amplitudes have shown that their ultraviolet behaviour is better than expected [64] . Their critical dimension at two and three loops was shown to be 7 and 6, respectively, suggesting the improved bound D c (L) ≥ 4 + 6/L. The one-loop case is exceptional, but for completeness we note that D c (L = 1) = 8 for the four-particle scattering amplitude.
We can now study the UV properties for D > 4 of the form factor that we have computed. There is no statement from Eq. (7.2) for the one-loop case, but one can easily see that D c (L = 1) = 6. For the two-loop form factor, the bound (7.2) is actually saturated since the two-loop form factor develops its first ultraviolet divergence at D c (L = 2) = 6. Moreover, it turns out that in D = 6 − 2ǫ dimensions the leading 1/ǫ 2 UV-pole is given by the leading UV-pole of the two-loop planar ladder diagram E 1 , and that E 2 has only a simple 1/ǫ pole.
At three loops, Eq. (7.2) becomes D c ≥ 16/3. First of all, we see by power counting that diagrams F 7 and F 10 (see Fig. 6 ) both have a UV divergence in D = 14/3 dimensions, which would violate the supersymmetry bound (7.2) . This comes close to explaining why their coefficients are zero, and why other integrals having seven or fewer propagators do not appear. A small caveat is that it may not always be possible to write the answer in a form such that the UV properties are manifest: one could have a linear combination of integrals that individually have worse UV properties than expected, but with appropriate UV behaviour of the linear combination. However, as we will see presently, we can make the UV properties of the three-loop form factor completely manifest.
At two loops we found that the bound from superspace counting was saturated. We can ask whether the same happens at three loops, i.e. do we have D c (L = 3) = 16/3? It turns out that the three-loop form factor is better behaved in the UV than suggested by this equation. It is finite in D = 16/3 and only develops a UV divergence at D c (L = 3) = 6. In order to see this, we take the three-loop expression (4.13) and trade F 3 , F 4 and F 5 for the non-UT integrals F * 3 , F * 4 and F * 5 by means of Eqs. (3.3), (3.6), and (3.9), respectively, which leads to
Counting numerators as propagators with negative powers, we see that the three integrals in the bracket have nine propagators each, whereas the last three integrals have only eight propagators. Since there are no sub-divergences in D = 16/3 we can calculate the leading UV pole by simply giving all propagators (and also all numerators 1 ) a common mass m and by setting the external momenta p 1 = p 2 = 0. Then the first three integrals are finite by naïve power counting, and the last three integrals become equal, and cancel due to their pre-factors. This renders the three-loop form factor finite in D = 16/3 dimensions. One can see the UV finiteness of the N = 4 SYM form factor in D = 16/3 also in another, more elegant way. We start again from Eq. (7.3), and add zero in the disguise of
where F * 7 is F 7 (see Fig. 6 ) with unit numerator. This choice is particularly convenient since F * 7 is a subtopology of both, F 2 and F * 5 . It is obtained from F 2 by shrinking the line labelled p a in Fig. 7 . Alternatively, F * 7 is obtained from F * 5 by shrinking line number 7 in Fig. 4 . In both cases one subsequently has to set the respective numerator to unity. Hence we can rewrite (7.3) as
If we adopt for F 2 the parametrisation 6) and write (F 2 − F * 7 ) on a common denominator, the numerator of the latter expression reads k
and hence vanishes in the aforementioned UV limit. In complete analogy, we take the parametrisation (3.7) for F * 5 and write (2 F * 5 − F * 7 − F 9 ) on a common denominator, whose numerator becomes
which clearly also vanishes upon taking the UV limit. Hence Eqs. (7.3) and (7.5) make the UV properties of the form factor manifest. This is very similar to how the UV properties of four-particle amplitudes can be made manifest, see e.g. ref. [64] .
It is now interesting to investigate the UV properties of the form factor in D = 6 − 2ǫ dimensions. Since the vanishing of (F 2 − F * 7 ) and (2 F * 5 − F * 7 − F 9 ) should be independent of the number of dimensions, we can simply look at the expression 9) and the corresponding integrals at one and two loops. Introducing a common propagator mass and neglecting external momenta one finds
where S Γ is defined in appendix A, and (see e.g. [65] ) 13) and Cl 2 is the Clausen function. Hence we find that up to three loops the form factor at each loop-order has D c = 6. Moreover, it turns out that for D = 6 − 2ǫ the leading 1/ǫ L UV-pole is at each loop order given by the leading UV-pole of the respective L-loop planar ladder diagram. Since at D = 6 − 2ǫ there might be issues due to the presence of sub-divergences, we also computed the UV divergences using a different regulator. After having taken the soft limit, we re-insert some external momentum into the graph to serve as IR regulator, instead of the mass (essentially, one nullifies one of the p i and takes the other one off-shell). In this way one obtains massless propagator type integrals which lead to the following result
(7.14)
As expected, the leading ǫ −L divergence at L loops is independent of the regulator, while the subleading terms are not. However, when considering log(F S ) in the UV limit there are only simple 1/ǫ poles up to three loops. Moreover, these poles are identical in both regularisation schemes (7.10) and (7.14), and read
Let us now discuss this result. Despite the fact that the form factor is better behaved in the UV than expected, one may wonder why the four-particle amplitudes at one-and two loops are even better behaved in the UV than the form factor. This is due to the fact that there are specific counterterms for the local composite operator O(x) in higher dimensions. Another way of saying this is in terms of operator mixing. We note that in D dimensions, the coupling constant g has dimension (4 − D)/2. Therefore, in D = 6, the operator tr (φ 2 ) can mix at one loop with the operator g 2 tr (φ 2 ), and other operators having the same quantum numbers (we have dropped SU (4) indices for simplicity). Another reason for the better UV behaviour of the four-point amplitudes, at least in the planar limit, is the fact that amplitudes have a dual conformal symmetry, which implies that the difference between the number of propagator factors and numerator factors is four for any loop, whereas form factors are not dual conformal invariant and therefore can have fewer propagators per loop.
Discussion and conclusion
In this paper, we extended the calculation of the two-particle form factor in N = 4 SYM of ref. [1] to the three-loop order. We employed the unitarity-based method to obtain the answer in terms of loop integrals. The result contains both planar and non-planar integrals.
The form factor can be expressed in several ways in terms of loop integrals that make different properties manifest. One way of writing it, Eq. (4.13) is in terms of integrals all having uniform transcendentality (UT). Other forms, Eqs. (7.3) and (7.5), do not have this property, but in turn have the advantage of making the ultraviolet properties of the form factor manifest. In order to see the connection between the two representations, we derived identities between non-planar integrals based on reparametrisation invariances.
We evaluated the form factor in dimensional regularisation by reexpressing the integrals appearing in it in terms of conventionally used master integrals, c.f. Eq. (B.1), whose ǫ expansion is known. This allowed us to evaluate the form factor to O(ǫ 2 ). We verified the expected exponentiation of infrared divergences, with the correct values at three loops of the cusp and collinear anomalous dimensions.
We observed that the heuristic leading transcendentality principle that relates anomalous dimensions in QCD with those in N = 4 SYM holds also for the form factor. We checked this principle to three loops, up to and including terms of transcendental weight eight.
We also studied the ultraviolet (UV) properties of the form factor in higher dimensions. We found that at three loops the UV behaviour is better than suggested by a supersymmetry argument. Based on power counting one would expect three-loop integrals having 8 propagators (or nine propagators, and one loop-dependent numerator factor) to diverge in D = 16/3 dimensions. However, we find that the particular linear combinations of integrals appearing in the form factor is in fact finite in this dimension, and diverges only in D = 6. We found a form, Eqs. (7.3) and (7.5) , where this is manifest, and computed the leading UV divergence of log(F S ) in D = 6 − 2ǫ dimensions.
There are a number of interesting further directions.
It is interesting to compare the UV behaviour of the form factor to that of four-particle scattering amplitudes. While there are differences due to specific counterterms allowed for composite operators, they both share the property of having better UV behaviour than expected. It would be interesting if one could understand the UV behaviour of the form factor a priori, perhaps based on the absence of potential counterterms, or from string theory arguments.
We remark that the representations of the form factor in terms of UT integrals, Eq. (4.13), or those making its ultraviolet properties manifest, Eq. (7.5), are simpler than that in terms of conventionally used master integrals. This may indicate that, even beyond N = 4 SYM, there exists a basis of integrals in terms of which the result looks simpler. Similar observations about the simplicity of loop integrands and integrals in the case of planar scattering amplitudes were also made in refs. [66] and [17] .
A further extension of this work could be to investigate generalised form factors with more on-shell external legs. At one-loop even all-multiplicity results could be envisaged [2] [3] [4] [5] . At two loops, at least the three-particle form factors should be computable in a relatively straightforward manner, since the relevant integrals (two-loop four-point functions with one external leg off-shell, [67] ) are known from the calculation of QCD amplitudes for the 1 → 3 decay kinematics [68, 69] .
The form factor studied in this paper has a very rich structure, similar to that of scattering amplitudes. Planar loop integrands of scattering amplitudes, just like tree amplitudes, satisfy powerful recursion relations [66] . It would be extremely interesting to extend the applicability of recursion relations to the non-planar case, and the form factor studied here is perhaps the simplest case of this type where non-planar integrals appear.
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A. Explicit results of integrals
In this appendix we list explicit expressions of the integrals that appear as building blocks of the form factor. Our integration measure per loop reads
and we define the pre-factor
A generic integral I can be decomposed according to
where L is the number of loops, and the integer n is fixed by dimensional arguments. I exp contains the Laurent expansion about ǫ = 0. We start with the one-loop integral
At two loops the integrals read
An all-order expression for E 2 can be found in [71] . The expansion in ǫ reads 
The integral F 2 is just A (n) 9,1 from [26], Moreover, we have 
Figure 8: Diagrams which do not have uniform transcendentality. As before, labels p a and p b on arrow lines indicate an irreducible scalar product (p a + p b ) 2 in the respective numerator, and diagrams that lack these labels have unit numerator.
The integrals without homogeneous transcendental weight are collected in Fig. 8 and read 
C. Four-point amplitude to two loops
Here we summarise the known four-point amplitude in N = 4 super Yang-Mills to two loop order. As we have seen in the main text, both leading and subleading terms in colour are required when computing the form factor at leading colour using unitarity. We consider four-point amplitudes in SU (N ) gauge theories with all particles in the adjoint representation. Let us review the decomposition of the latter into a trace basis with partial amplitudes as coefficients [74, 75] .
At tree-level, we have Here S 4 /Z 3 2 = {(1234), (1324), (1423)}. The double trace terms are subleading in the expansion in powers of N . At the two-loop order, we also have the appearence of subleadingin-N terms in the single trace terms, denoted by the superscript SC, while the leading-in-N terms have superscript LC. N = 4 supersymmetric Ward identities imply that for MHV amplitudes the loop-level amplitudes are proportional to the tree-level ones, for any choice of external particles and helicities. We have (s,
is the one-loop scalar box integral, see Fig. 9 . The remaining subleading colour amplitudes at one loop are all equal and given by which is the consequence of a U (1) decoupling identity [74] . At two loops, the partial amplitudes leading in N are given by [53] A where I P 4 (s, t) is the planar double box integral, see Fig. 9 . The partial amplitudes subleading in N are given by [53] are the planar and non-planar double box integral, respectively, see Fig. 9 .
We remark that the expression for the double trace terms A 2−loop 4;1,3
can be obtained from the single trace terms using identities derived from group theory [75, 76] .
The tree-level amplitude we need has external scalars only. It is given by 
